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Thermal radiation within enclosed pores is an important
mode of heat transfer in numerous thermal engineering ap-
plications, such as void transport in high-temperature fire
brick (Ganguley and Hasselman, 1976), cavity heat transfer in
ceramic nuclear fuel elements (Marino, 1969, 1971), the pas-
sage of reaction heat during the high-temperature synthesis
of advanced ceramic materials (Varma et al., 1990) and pore
transport in reduced pressure, cryogenic insulation (Kaganer,
1969). In cases where the microstructural pore dimensions
are small compared to the macroengineering lengths of the
porous material, and the local temperature drop AT across
the microstructural scale is small compared to the local aver-
age temperature T, an effective conductivitiy A, can be rigor-
ously formulated (Whitaker, 1980) and from this an average
local radiation conductivity A, can be obtained. In a previous
article (Fitzgerald and Strieder, 1997), a method was pro-
posed to calculate useful equations for A, in model cavity
shapes, based on a variational principle whose extremum
value is the needed engineering property A,. As an appropri-
ate trial function, the analytical solution of the corresponding
two-phase Fourier heat-transfer problem with A, in the solid
and a trial radiation conductivity A¥ in the specific model
cavity shape was introduced. Upon substitution of the trial
temperature into the variational integrals, a variational form
was generated

A < A (X)), (1

and a A was selected that gave the best (smallest) possible
value of the variational effective conductivity for the heat-
transfer calculation. Applied to radiation heat transfer down
an elongated prolate spheroidal cavity, the variational method
produced both a useful equation for A¥, as well as a number
of new exact results.

In this work, radiation heat transfer across an oblate
spheroidal cavity in the direction of the axis of symmetry is
considered. The cavity volume is generated by the revolution
of an ellipse ( p2a~2 + z?h~2 =1) of semimajor axis @ and
semiminor axis b. However, revolution about the smaller axis
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b, rather than a as in the prolate case, generates a much
different void volume, a compressed oblate spheroid. While
the same eccentricity factor form characterizes the ellipse

B2=1-b%"2, )

since b (oblate spheroid) refers to the symmetry axis and not
a (prolate spheroid), its volumetric meaning for the two cases
is much different, and the symbol B rather than «? is used
for the oblate spheroid cavity volume. The variational princi-
ple for A, the trial temperature, the trial radiosity, the varia-
tional volume integrals, and the variational extremum calcu-
lations are all similar to the prolate case. With the caution
that a and b are interchanged in the trial temperature, trial
radiosity, and volume integrals, refer to the prolate calcula-
tion (Fitzgerald and Strieder, 1997) for details of the first
part of the calculations. Consideration will begin with the
variational result for the radiation void conductivity in terms
of six surface integrals, which are different for the oblate void
cavity. These forms will be given and their evaluation briefly
outlined. The new oblate results will be discussed, and then
compared with the prolate case.

Radiation Conductivity Across an Oblate Spheroid

Consider a large solid slab located between the planar sur-
faces 5_ at z=—L/2 and 3, at z=+ L/2 at respective
uniform temperatures 7, and 7 _, with a unit vector k point-
ing across the slab in the positive z-direction. Located at the
slab center, z =0 is an ellipsoidal void volume generated by
rotating an ellipse, ( p?a~2 + z2b~? = 1), about its semiminor
axis b. The oblate spheroidal cavity will then have its axis of
symmetry in the direction of the applied temperature gradi-
ent (T, — T_)L~'k. By definition, the effective conductivity
A, in equality 1 is the ratio of the net heat flux Q across 2 _,
3., or any intermediate plane perpendicular to the z-axis to
the absolute value of the applied gradient A (= QLI|T, —
T_|""). The void-solid interface £ of the oblate spheroidal
cavity has an average surface temperature 7 [ = (T, + T_)/2),
and a surface normal n located at the point r on 3 that
points away from the solid into the void volume. The surface
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2, emits and reflects radiation diffusely as a gray body with a
local pointwise total hemispherical surface emissitivity e(T),
evaluated at the average temperature at the cavity surface. 2
follows Kirchoff’s law (Siegel and Howell, 1992) absorbing the
fraction e of the radiation incident to a surface element on
3, and diffusely reflecting the fraction (1 - €).

Since the objective is to obtain the void radiation conduc-
tivity A, or its best variational estimate A* for radiative heat
transfer down along the symmetry axis, only surface to sur-
face element radiative transport will be considered. The dif-
ferential view factor K(r,r')d’r gives the fraction of radia-
tion, diffusely distributed, leaving a unit surface element lo-
cated at r’ on 3, that travels a straight line free path and
arrives at a second surface element d’r at r on 3. As dis-
cussed in the introduction, we can begin with the variational
void radiation conductivity, similar in form to Eq. 51 in the
prolate cavity article (Fitzgerald and Strieder, 1997)

A xohla+A) = XA - xi

= 3)
Cb (xo+A)xy+ A)—(x; + /\1)2

where C =40 T and o is the Stefan-Boltzmann constant.
In general, each of the first three surface integrals ( xg, x;»
X») can be written in the form

A= 2"‘[2dﬁr(k-r/b)"(k-n)" (,j=0,1,2) (4

or in terms of the elliptical arc length ds and coordinates p,
z

A, =2m%! jfbdz plds/dz1(z/bY(n, ). )

In Eq. 5, the integration over the angle of revolution ¢ pro-
duced the prefactor 247. For an oblate spheroidal cavity gen-
erated by the rotation of p%a~2+ 2?2 =1 about the
semiminor axis b, the cavity volume is

V, = 4wba’/3, (6)

the component of the surface normal 9 along the symmetry
axis is

m, = —zb~%( pza“‘+22b_4)—m, @)

the rate of change of the arc length coordinate along the
symmetry axis is

ds/dz =1+ zzp"za“b"“)w, ®

and the radial coordinate of the oblate spheroidal cavity vol-
ume is

p=a(l- 226", 0))
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With the substitution of Egs. 7-9 into Eq. 5, the A, ; inte-
grals can be done exactly. The oblate spheroidal cavity void-
solid interface area 3 is obtained from Eq. 5 with i=j=0

Ago=1 (10)
or

=27p?37{(1- B +2B) ' ml(1+ B) /A1~ B)I}.
an

Then, with the oblate spheroidal surface area (Eq. 11), vol-
ume (Eq. 6), as well as Egs. 5 and 7-9, the y, integral

xo=b3/V)e(1-e) 7 A, (12)
becomes
3 e 1 (1-82° [(1+8
—_— —_ 2 _ .
XO—‘S(]—E) B2{1+ﬁ 2B ln(l_B)}, (13)

the y, integral
x1=(bS/V)e(l-e)7'A, (14)
has the form
xi=—ed-e)7} (15)
and the y, integral
X2 =(b3/V,)e(1— €)' A, (16)

is given by

3 e 1 1-8% (1+8
Xz=5m-b7{l-——2—l—3-—ln(l_ﬂ)}. an

The A integrals require a form for the one-dimensional (1-
D) kernel K(z,z') for transport within an oblate spheroidal
cavity from the surface slice 2,,, the cavity area cut by the
differential dz, to the surface element 2 ,, corresponding to
dz'

dzdz K(z,2’)=[ d*r| d*' K(r,r). (18)
24: 2dz'

This 1-D form can be generated directly from the prolate
kernel by the interchange of @ and b (Fitzgerald and Strieder,
1997)

K(z,2)/m =1+ B2z - 2 [(2b2(4—3B82)+ B*(z — 2)°

+6B2z2'Hab?>(1- B2) + BY(z + Z)Y+482(1 - Bz)zz’}_sﬂ.
(19)
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The first A integral
A= QbV,) " [ &r [ &P K(r, @) k(¢ = T, (20)
o= @R[,

can be written in the 1-D form from the oblate kernel 1-D
Eqgs. 18 and 19

Ao = (2bV¢)_1f_bbdszbdz’ K(z,2)lz -z, @D

and from Egs. 6 and 19 its analytical form is

31 1-g2 (1+8
AO:EB—E{I— ZB ln(l_ﬁ)}. (22)

The second A integral

A =(2V¢)~1/2d2rf2d2r' K(r,r)
X[k-(r' =P)lk(n'—7m)], (23)

where n' is the surface normal evaluated at r' on X, and
with the 1-D kernel definition (Eq. 18), along with Egs. 6 and
7

3(1—32)]/2 b b, Y
M= [ 4] 4 Kz )l 2]
X z z
(b2+Bzzz(1—Bz)'l)m (b2+32(z')2(1—ﬁ2)_1)1ﬂ :
(24)

Finally, the third A integral
Ay =02V [ dPr [ dPr K(r,o)k-(n' =) (25)
p p

with Egs. 6, 7 and 18 becomes

3

i)

f_bbdzf—bbdz’K(z,z’)

’

z z

x —_
(b2+ﬂ2(zl)2(1_32)»1)

(b2+ﬁzzz(l~[32)_l)m 12

(26)

Conclusion and Discussion

The A*(Cb)~! expression (Eq. 3), with x’s and A’s speci-
fied, respectively, by Eqgs. 15, 17, 19, 22, 24, and 25, provides
from Eq. 1 a best estimate of A,, as well as a variational
upper bound. The A, (A}) expression is found to be (Fitzgerald
and Strieder, 1997) the A, of the corresponding two-Fourier
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phase problem, that is, the exact solution for the same geom-
etry with a solid conductivity A, and an oblate spheroid with
model, void radiation, Fourier conductivity A¥. Each y (Egs.
15, 17, and 19) has the form of the emissivity factor e(1 — €)~!
times either an analytical function of the eccentricity 8, or a
constant. The Ay, A, and A, terms (Egs. 22, 24, and 26) de-
pend only on the cavity shape through B. The first A, is given
by the analytical Eq. 22. The other two integrals, A, and A,
(Egs. 24 and 26, respectively), are evaluated by three-point
Newton-Cotes quadrature methods (Ralston and Rabinowitz,
1978). Plots of Ay, A;, and A, vs. the eccentricity squared 32
are shown in Figure 1. Once A, and A, are done for the
compressed spheroid cavity eccentricity range from 0 to 1,
the dimensionless void radiation conductivity model is speci-
fied for all € and B2,

In Figure 2, A*(Cb)™! is plotted vs. the surface emissivity €
for various degrees of compression from the sphere cavity
( B2 - 0) to the thin discus, flattened spheroid limit ( 32 — 1).
The surface of Figure 2 demonstrates the overall behavior of
A*(Cb)™! for an oblate spheroidal cavity, as well as the four
possible limits, -0, B2 —1, € >0, and € — 1. Figure 2
also lists the parallel plate curve for comparison. For the
sphere limit, 82— 0, it is necessary to expand Eq. 3 for
A¥(Ch)~! in B2 for arbitrary emissivity €. The first nonzero
term in both the expansions of the numerator and the de-
nominator of Eq. 3 are of the order 8* and their ratio gives
the limit

lim A*(Ch) '=¢

(spherical void), @n
B*-0

shown as the lefthand edge of the shaded surface of Figure 2.
In this limit the trial forms used for the temperature and
radiosity are known to be the exact results (Tsai and Strieder,
198S; Fitzgerald and Strieder, 1997).
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Figure 1. Values of Ay, — A, and A,, respectively from
Eqgs. 22, 24, and 26 vs. oblate spheroid eccen-
tricity squared B2,

Note that A, is always negative and the corresponding posi-
tive value (~ A,) is shown here.
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Figure 2. Dimensionless radiation thermal conductivity
A*(Cb)~' vs. the surface emissivity ¢ and
oblate spheroid squared eccentricity g2 is
given as the shaded surface.

The single curve at the back is the corresponding A}(Cb)™!
for parallel plates separated by a distance 25b.

In the opposite limit B2 —1 of a thin discus oblate
spheroid, the righthand side of Figure 1 provides the limits
Ag—3/2, A;> —2 and A, - 3. Also from Egs. 13, 17, 15,
and 3, we have, respectively, the limits y, —> 3e(d—4€)™ 1, x,
—>3e(2—2¢)"" as B?—>1; the equality y;,=—e(1— €)™}
and the limit

. 3 -1
lim A¥(Cb) =—€(2—¢)
R 2

(oblate spheroid, thin discus void), (28)

seen at the righthand edge of the A¥(Cb)~! surface in Figure
2. This result is reminiscent of the flux Q between two paral-
lel plates (Bird et al., 1960) linearized in the dimensionless
temperature drop (AT/T) across the plates {Q=—e(2—
€)”!CAT), and the associated radiation void conductivity be-
tween two parallel plates separated by a distance 2b

N (Ch) '=2e(2— €)' (parallel plate model void). (29)

The compressed oblate discus limit (Eq. 28) in Figure 2 is
smaller than the parallel plate result (Eq. 29) by a factor of
0.75. To develop the relationship between these conductivi-
ties, we consider two parallel, directly opposed, identical pla-
nar rings a distance 2z apart, each with an elemental radius
from p to p+dp. In the thin discus limit, the inequalities
dp > 2b> 2z hold, and radiation diffusely leaving a dp ring
will be absorbed after a number of plate to plate free paths
into either the original emitting dp ring or its dp mirror
image. This is because radiation diffusely leaving the surface
will travel, on the average, laterally about one plate spacing
2z for each free path, but the dp ring is much wider than the
maximum plate spacing dimension 2b. This permits the use
of the parallel plate Eq. 29 for the void radiation conductivity
between the dp ring and its mirror dp ring, but with b re-
placed by the local value z for dp. If, as we move along the
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radial dimension p from 0 to a, the plate spacing 2z varies
from 2b to 0 according to Eq. 9, the compressed oblate void
is generated. The volume average of the conductivity (Eq. 29)
over this oblate spheroid gives exactly the Eq. 28 for the com-
pressed oblate, thin discus, axial radiation conductivity.

The e dependence of A*(Ch)~! in Eq. 3 is entirely con-
tained in xg, x; and x,, each with a factor e(1— €)~!. For a
black body surface (e — 1), the x’s approach infinity as e(1—
€)~! and

lim A*(Ch) ' =, (30)
e—1

The B form of A, given by Eq. 22, can be regarded as a very
good approximation of the axial radiation conductivity for an
oblate ellipsoid with black surfaces. The 8 dependence of A,
can be seen at the back side .of the surface in Figure 2. The
dimensionless variational radiation conductivity across a black
oblate cavity varies in a slow, monotone fashion from unity at
B2=0uptolSat B>=1.

In the neighborhood of the perfectly reflecting surface (e
— 0), the behavior of the radiation void conductivity is given
by the front of the Figure 2 surface. The yx’s, from their e(1
— €)™ factor, become very small, the conductivity A*(Ch)™!
of Eq. 3 vanishes for all 82 values, and

A*

r

lim =1. (31)

e-0 XoC

Equation 31 predicts that A*¥(Cb)™! increases from zero for
any B2, with an initial € slope x,(1— €)e™! given by Eq. 13.
This slope decreases monotonically with 82 from unity for a
spherical cavity with no compression ( 82 — 0), until it drops
to a value of 0.75 for void radiation heat transfer across a
flattened discus, oblate spheroid (82— 1). Since A*(Ch)~!
=0 at e =0 for all 82, the sphere will have a dimensioniess
conductivity larger than the compressed discus at lower emis-
sivities, € <0.5. From Egs. 27 and 28, we see that the
A¥(Cb)™! values at the extremes, B2 —0 and B2 —1, are
equal at e =0.5, and cross over for € > 0.5. Finally at e =1,
A¥(Cb)~! is only 1 for the sphere ( 82 — 0), but is now larger,
3/2, for the dimensionless axial radiation conductivity of the
oblate thin discus (82> 1). Unlike the prolate spheroid
which exhibits rapid increases (see Figure 3b of Fitzgerald
and Strieder, 1997) in A*(Cb)™! near the elongation limit
(@? > 1), near the compression limit ( 32— 1) of an oblate
spheroid a mild increase occurs for a fixed € between 0.5 < e
<1 with a slight decrease for 0 < € < 0.5.

The dimensionless coefficient of void thermal radiation
conductivity (Eq. 3) down the symmetry axis of an oblate
spheroid has been obtained. Physically justifiable results are
obtained in the neighborhood of low emissivity € — 0 for any
B2, the sphere limit B2 - 0 for any ¢, and for a flattened
disk oblate spheroidal cavity 82 —1 for any e. One conse-
quence of using the two-phase Fourier engineering model
concept of a solid and void radiation conductivity to formu-
late the trial temperature and radiosity, as has been done
here, is that the final results can be readily cast in terms of
current engineering models that use radiation conductivities
in process calculations.
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Notation

d?r= differential area located at the point r on the surface
of X
ds = differential ellipsoid arc length
dz = differential along the axis of symmetry
k= Cartesian unit vector pointing across the solid from
z=—LRtoz=L/2
K(z,2'Ydzd? = 1-D kernel, defined in Eq.18
L =slab thickness
Q = net heat flux across plane of the slab in the z-direc-
tion per unit surface area
r=location vector pointing from the spheroid center
T_,T,=temperatures at z=—L/2on 5_ and z=+L/2 on
_ I, respectively
T'= average slab temperature, (7, +T_)/2
V3= volume of the ellipsoidal cavity
z,z=Cartesian coordinate vector and magnitude running
from — L/2to L/2

Greek letters

a%=square of the prolate spheroid eccentricity
B72=square of the oblate spheroid eccentricity
e=surface emissivity
7(r)=surface normal vector pointing away from the solid at
the point r
7, = z-component of vector
A, A¥ = average void radiation thermal conductivity and the
variational optimum value in Eq. 3
A, = thermal conductivity of the solid
Ag> Ay, Ay=defined and evaluated in Eqs. 20-27
A;;=Egs. 4and 5, (i,j=0, 1, 2)

o= Stefan-Boltzmann constant
3, = cavity-solid interfacial area
2 _,%, = planar solid surfaces at z=—L/2 and z =+ L/2, re-
spectively
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